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Abstract
We modify Einstein General Relativity by adding non-dynamical scalar fields
to account simultaneously for both dark matter and dark energy. The dark
energy in this case can be distributed in-homogeneously even within horizon
scales. Its inhomogeneities can contribute to the late time integrated Sachs-
Wolfe effect, possibly removing some of the low multipole anomalies in the
temperature fluctuations of the CMB spectrum. The presence of the inho-
mogeneous dark matter also influences structure formation in the universe.
In the paper [1] we have suggested a minimal extension of General Rel-
ativity where the scalar mode of the metric becomes dynamical even in the
absence of the usual matter. This extra gravitational degree of freedom
mimics cold dark matter. The simplest way to describe it is to introduce the
scalar field φ satisfying the consrtaint
gµν∂µφ∂νφ = 1, (1)
and to implement this consrtaint in the Einstein action via a Lagrange mul-
tiplier [2], [3], [4]
S =
∫
d4x
√−g
[
−1
2
R (gµν) + λ (g
µν∂µφ∂νφ− 1)
]
, (2)
where we set 8piG = 1. In this paper we will show how to extend this model,
in a minimal way, to imitate space-dependent dark energy. The scalar field
in the slow roll regime can also imitate the space-time dependent dark energy
but this field is necessarily dynamical and finally decays. Moreover, small
inhomogenieties in the scalar field cannot be amplified on scales smaller than
the Jeans wavelength, which is normally about the curvature scale. There-
fore, if the presently observed dark energy is due to the dynamical scalar
field then it is homogeneous within present horizon scales. In this paper
we consider non-dynamical scalar field which can imitate arbitrarily inho-
mogeneous dark energy in any scale and can contribute to the gravitational
instability and late time integrated Sachs-Wolfe effect at the stage of the
galaxy formation. Let us consider the theory with action given by
S =
∫
d4x
√−g
[
−1
2
R (gµν) + λ (g
µν∂µφ∂νφ− 1) + λagµν∂µφa∂νφ− V (φa)
]
(3)
where φa are the extra scalar fields, the number of which is irrelevant for our
considerations. We take the potential V to be a function of φa only, although
we could add to it a part depending on φ only as was done in our previous
work [4]. The simplest case is to take one field φa only with a = 1, however,
the case of three scalars a = 1, 2, 3, correspond with identifying the scalars
with the synchronous coordinates. Variations with respect to the Lagrange
multipliers give the following constraints
∂φ
∂xµ
∂φ
∂xν
gµν = 1,
∂φa
∂xµ
∂φ
∂xν
gµν = 0, (4)
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which can be easily solved in the synchronous coordinate system where g00 =
1, g0i = 0, i = 1, 2, 3 so that [5]
ds2 = dt2 − γikdxidxk. (5)
The general solutions of equations (4) in this coordinate system are
φ = t, φa = φa
(
xi
)
. (6)
Thus the fields φa are time independent and the potential in (3) can be an
arbitrary time independent function of the spacial coordinates in the syn-
chronous coordinate system. This potential leads to cosmological-like con-
stant in the Einstein equations. However, it cannot just be an inhomogeneous
cosmological constant and therefore the effective energy momentum tensor
for the inhomogeneous field φa must be different from those ones which cor-
respond to the standard cosmological constant.
Variation of action (3) with respect to the metric gµν leads to the following
modified Einstein equations
Gµν = T¯
µ
ν , (7)
where
T¯ µν = 2λ∂
µφ∂νφ+ λa (∂
µφa∂νφ+ ∂νφ
a∂µφ) + δµνV (φ
a) , (8)
is the contribution of mimetic fields φ and φa. The equations for the Lagrange
multipliers λ and λa follow from the action (3) under variation with respect
to φ and φa
∂µ
(√−g (2λgµν∂νφ+ λagµν∂νφa)) = 0, (9)
∂µ
(√−gλagµν∂νφ) = −√−gV,a, (10)
where V,a =
∂V
∂φa
. In the synchronous coordinate system these equations sim-
plify to
∂0 (2
√
γλ) = ∂i
(√
γλaγ
ik∂kφ
a
)
, (11)
∂0 (
√
γλa) = −√γV,a, (12)
and can be easily integrated to give
λa = − 1√
γ
∫ t
V,a
√
γdt′, (13)
λ = − 1
2
√
γ
∫ t
∂i
(
γik∂kV
∫ t′ √
γdt′′
)
dt′ (14)
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Taking this into account we find the following components of the energy
momentum tensor for mimetic matter
T¯ 0
0
= − 1√
γ
∫ t
∂i
(
γik∂kV
∫ t′ √
γdt′′
)
dt′ + V, (15)
T¯ 0i = −
1√
γ
∫ t
∂iV
√
γdt′, T¯ ik = V δ
i
k. (16)
One can easily verify that T¯ αβ given above automatically satisfy the conserva-
tion laws ∇βT¯ αβ = 0, as it must be. To clarify the meaning of the constants of
integration in (15) and (16) it is convenient to consider the case of vanishing
potential, V = 0, and find directly the solution of equations (9) and (10):
λa =
ga
(
xk
)
√
γ
, λ =
C
(
xk
)
2
√
γ
+
1
2
√
γ
∫ t
∂i
(
γikga∂kφ
a
)
dt′, (17)
where it is assumed that the integral is equal to zero in case of vanishing
integrand. The corresponding energy momentum tensor is
T¯ 0
0
=
C
(
xk
)
√
γ
+
1√
γ
∫ t
∂i
(
γikga∂kφ
a
)
dt′, (18)
T¯ 0i =
ga∂iφ
a
√
γ
, T¯ ik = 0. (19)
It is clear that the first term in (18) describes mimetic dark matter. To figure
out what kind of extra degrees of freedom induces the term proportional to
ga∂iφ
a let us consider perturbations in a flat Friedmann universe assuming
that ga∂iφ
a is small. In the synchronous coordinate system the metric of a
slightly perturbed universe takes the form [6]:
ds2 = dt2 − a2 (t) [((1− 2ψ) δik − 2E,ik − Fi,k − Fk,i) dxidxk] , (20)
where ψ and E describe the scalar metric perturbations and Fi the vector
perturbations which satisfies Fi,i = 0. We have also skipped the gravitational
waves. Assuming that C
(
xk
)
= C0 + δC
(
xk
)
, decomposing ga∂iφ
a into
longitudinal and transverse parts as
ga
(
xk
)
∂iφ
a
(
xi
)
=
(
∂iσ + σ
T
i
)
, σTi,i = 0
3
and taking into account that to linear order in perturbations
1√
γ
=
1
a3
(1 + 3ψ +∆E) , (21)
we find
T¯ 0
0
=
C0
a3
+
δC
a3
+
C0
a3
(3ψ +∆E) +
∆σ
a3
∫
dt
a2
, (22)
T¯ 0i =
(
∂iσ + σ
T
i
)
a3
(23)
We will now show that the longitudinal part of perturbations due to σ can
be removed by a coordinate transformation which preserves the synchronous
coordinate system. The general infinitesimal coordinate transformations can
be written as
t→ t˜ = t+ ξ0 (xα) , xi → x˜i = xi + ζ,i (xα) + ξiT (xα) , (24)
where ξiT,i = 0. Requiring that g00 → g˜00 = 1 and g0i → g˜0i = 0 we find that
only the coordinate transformations with
ξ0 = ξ0
(
xi
)
, ζ = ξ0
(
xi
) ∫ dt
a2
, ξiT = ξ
i
T
(
xi
)
, (25)
stay within the synchronous coordinate system. Under transformations (25)
the metric perturbations change according to
ψ → ψ˜ = ψ + a˙
a
ξ0, E → E˜ = E + ξ0
∫
dt
a2
, Fi → F˜i = Fi + ξiT , (26)
where dot denotes the derivative with respect to time t. Noting that T¯ 0i
components are transformed as
T¯ 0i → T¯ 0i − ξ0,iT¯ 00 =
(
∂iσ + σ
T
i
)
a3
− ξ0,i
C0
a3
(27)
we take ξ0 = σ/C0. As a result the T¯
0
i components in the new coordinate
system become ˜¯T 0i = σTia3 . (28)
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Correspondingly
˜¯T 0
0
=
C0
a3
(
t˜
) + δC
a3
+
C0
a3
(
3ψ˜ +∆E˜
)
=
C
(
xk
)
√
γ˜
. (29)
To derive this formula we took into account that at a given point of the
manifold ˜¯T 0
0
= T¯ 0
0
and then replaced in (22) σ by C0ξ
0. After that the first
term on the right hand side was expanded as
a (t) = a
(
t˜− ξ0) = a (t˜)− a˙ (t) ξ0,
and finally we have used (26) . Thus, in the absence of the potential V (φa) the
extra fields φa do not produce additional longitudinal perturbations in the
mimetic matter but allow us to describe the vector (rotational) perturbations
of the mimetic dust. As a result the mimetic matter becomes completely
indistinguishable from dust in the linearized approximation.
Now let us consider the behavior of the extra modes due to φa in the
presence of the potential V (φa) . Neglecting the metric perturbations the
components of the energy momentum tensor (15) , (16) in the Friedmann
universe become
T¯ 0
0
= − ∆V
a3 (t)
∫ t(∫ t′
a3 (t′′) dt′′
)
dt′
a2 (t′)
+ V, (30)
T¯ 0i = −
∂iV
a3 (t)
∫ t
a3 (t′) dt′, T¯ ik = V δ
i
k. (31)
If the fields φa and V are inhomogeneous, then the energy momentum tensor
looks as if describing the inhomogeneous “cosmological constant”. In fact,
assuming that the random field φa is isotropic after averaging over large scales
we find
T¯ 0
0
= 〈V 〉 , T¯ ik = 〈V 〉 δik, T¯ 0i = 0, (32)
where 〈V 〉 denotes the spacial average of the potential over a scale exceeding
the scales of inhomogenieties. Thus irrespective of how clumpy is the distri-
bution of V (xi) , it contributes to the large scale evolution of the universe
exactly as a cosmological constant.
To clarify how inhomogenieties of φa behave in a flat Friedmann universe
we will consider small perturbations δφa of the homogeneous background
5
φa
0
= const in the conformal-Newtonian coordinate system, where the metric
takes the form
ds2 = (1 + 2Φ) dt2 − a2 (t) (1− 2Φ) δikdxidxk. (33)
Here we have used δT ik = 0 for i 6= k to equate two gravitational potentials [6].
The solution of equations (4) , (9) and (10) for the homogeneous background
is
φ = t, φa = φa
0
, λ0 =
C0
2a3 (t)
, λa0 = − V,a
a3 (t)
∫ t
a3 (t′) dt′, (34)
where φa
0
and C0 are constants which do not depend on space and time.
Considering small perturbations about a homogeneous background, we find
to linear order
δφ˙ = Φ, δφa = δφa
(
xi
)
, (35)
δλ = 3λ0Φ +
1
a3 (t)
∫ t
aλ0∆δφdt
′ +
∆δφa
2a3 (t)
∫ t
λa0adt
′, (36)
where we have denoted by dot derivative with respect to time t. The corre-
sponding perturbations of the energy momentum tensor for mimetic matter
in this coordinate system are
δT¯ 0
0
= 2δλ+ V,aδφ
a, δT¯ 0i =
1
a
∂i (2λ0δφ+ λa0δφ
a) , δT¯ ki = V,aδφ
aδki (37)
The 0− i Einstein equation for perturbations reduces to
Φ˙ +HΦ = λ0δφ+
1
2
λa0δφ
a (38)
where H = a˙/a. Taking into account that H˙ = −λ0 and Φ = δφ˙, this
equation becomes
δφ¨+Hδφ˙+ H˙δφ =
1
2
λa0δφ
a (39)
and can be easily integrated to give
δφ˙+Hδφ =
1
2
δφa
∫ t
λa0dt
′ (40)
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In turn, the solution of this equation is
δφ =
δφa
2a (t)
∫ t(∫ t′
λa0dt
′′
)
adt′
= −V,aδφ
a
2a (t)
∫ t(∫ t′ ( 1
a3
∫ t′′
a3dt′′′
)
dt′′
)
adt′ (41)
One can verify, with some effort, that the 0− 0 and i = k Einstein equations
are automatically satisfied by (41) as they should be. Let us consider a
flat universe filled by mimetic dark matter in the presence of cosmological
constant, that is, V (φa
0
) = V0 6= 0. In this case the solution of Friedmann
equations
H2 =
1
3
(2λ0 + V0) , H˙ = −λ0, (42)
is
a (t) = a0
(
sinh
(
3
2
HV t
))2/3
. (43)
where HV =
1
3
V0. Substituting this expression in (41) we find, after doing
the integrals in equation(41)
δφ = −V,aδφ
a
2V0
t + A
1
a (t)
∫ t
a (t′) dt′ +B, (44)
where A and B are constants of integration. The corresponding gravitational
potential is equal to
Φ = δφ˙ = −V,aδφ
a
2V0
+ A
(
1− H
a (t)
∫ t
a (t′) dt′
)
. (45)
Thus we see that the inhomogenieties in dark energy induce the contribu-
tion to the gravitational potential which do not disappear when the universe
turns to the de Sitter stage. In fact let us separate the contributions from
inhomogeneous dark energy and mimetic dark matter to the gravitational
potential. With this purpose we notice that the contribution of dark energy
to Φ should vanish at the very early time when the Universe is dominated
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by dark matter. Thus we obtain
Φ =
δV
3V0
(
1− 5
2
HV coth
(
3
2
HV t
)
sinh2/3
(
3
2
HV t
) ∫ t
0
sinh2/3
(
3
2
HV t
)
dt
)
+ ADM
(
1− HV coth
(
3
2
HV t
)
sinh2/3
(
3
2
HV t
) ∫ t sinh2/3(3
2
HV t
)
dt
)
, (46)
where δV = V,aδφ
a. The first and second terms here represent the contri-
bution of the dark energy and dark matter to the gravitational potential
respectively. In the limit HV t ≪ 1, that is at the time when dark matter
dominates over dark energy, this formula simplifies to
Φ ≃ − 9δV
44V0
(HV t)
2 +
3
5
ADM , (47)
where we have skipped the decaying mode. At late time when the universe
is dominated by dark energy, that is, for HV t≫ 1, one gets
Φ ≃ − δV
2V0
− 3ADMe−3HV t. (48)
In our considerations, the field φa which could be responsible for inhomo-
geneous dark energy, is fully non-dynamical and it is natural to ask how it
could be generated in the early universe, and what might be the initial spec-
trum of the perturbations δφa. In fact, to generate δφa in the early universe
we have to modify the second constraint in (4) . The simplest modification
of the constraint (4), entirely in the mimetic framework, is to take
∂φa
∂xµ
∂φ
∂xν
gµν = F a (φ) , (49)
where F a (φ) are some functions of φ which we assume to vanish for large
values of φ = t (in synchronous gauge), that is, in late Universe. We will
skip here the possible justification for this assumption and concentrate on the
question of what is the spectrum in this case of the generated inhomogenieties
of dark energy. For the homogeneous Friedmann background the constraint
(49) becomes
dφa
0
dt
= F a (φ0) = F
a (t) (50)
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and at late times the homogeneous constant field
φa
0
=
∫
F a (t) dt, (51)
responsible for the dark energy will be generated. In turn, to linear order in
perturbations in the conformal-Newtonian gauge, we obtain
∂δφa
∂t
= F aΦ +
∂F a
∂φ
δφ, (52)
where we have taken into account that Φ = δφ˙ irrespective of the matter
content of the universe. After inflation the gravitational potential Φ is time
independent at large scales for most of the time and is equal to Φ = 3
5
ADM
at the matter dominated stage. Therefore the generated spectrum of in-
homogenieties of δφa is the same as the spectrum of Φ and hence we can
set
δV
3V0
= γADM , (53)
in formula (46) , where γ is a numerical coefficient which can be taken to be of
the order of unity and can have either positive or negative values depending
on the choices of F a. The formula (46) then becomes
Φ = (1 + γ)ACM −
(
1 +
5
2
γ
)
ACM
H
a (t)
∫ t
a (t′) dt′ (54)
The second term above contributes to the late time Sachs-Wolfe effect (lISW)
determined by the integral over the time derivative of the gravitational po-
tential during transition from matter domination to dark energy domination
epoch [7]. For γ = −2/5 the contribution of lISW vanishes in spite of the
presence of dark energy. However, depending on the sign and value of γ
lISW can influence the CMB temperature fluctuations at low multipoles and
either decrease or increase the amplitude of these fluctuations by a significant
factor. This opens room for explanation of low multipole CMB anomalies
if they are real. Let us note that the inhomogenieties in the distribution of
dark energy can also influence the power spectrum at large scales and the
formation of structure in the universe.
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